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Abstract

The quintet extension of the three-phase structure
invariant is used to define the second neighborhood
of the invariant, which in turn serves to define a new
kind of probability distribution. The latter leads to
novel estimates of the three-phase structure invariants
and the magnitudes of the normalized structure fac-
tors for the ‘squared’ structure.

1. Introduction

Suppose that h, k, 1 are reciprocal-lattice vectors
satisfying
h+k+1=0, (1.1)
so that the linear combination of three phases
ent et o (1.2)

is a structure invariant. The first neighborhood of the
invariant (1.2) consists of the three magnitudes
|EIIL |Ekl’ |E|| (13)

and the second of the three magnitudes (1.3) plus the
additional seven

|EHl;
|EhtH|, iEk:tHL |EliH|a

(14)
(1.5)

where H is an arbitrary reciprocal-lattice vector
(Hauptman, 1978). Since H is arbitrary, there are
many second neighborhoods. Estimates of the three-
phase invariant in terms of some or all of the magni-
tudes in the second neighborhood have been known
for many years [e.g. Messager & Tsoucaris (1972),
Hauptman (1972), Viterbo & Woolfson (1973),
Giacovazzo (1976, 1977), Karle (1979, 1980)], but
methods for combining the different estimates, corre-
sponding to different vectors H, have not been com-
pletely satisfactory because the estimates are not
independent. In the present paper a different kind
of estimate is obtained and a more satisfactory theo-
retical basis for combining the different estimates
derived.
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The normalized structure factor Ey is defined by

Ey =|En| exp (ipn)

N
=052 ¥ fexp(2miH. 1), (1.6)
j=1
where N is the number of atoms in the unit cell, r;
and f; are the position vector and zero-angle atomic

scattering factor, respectively, of the atom labelled j,
and

N
o= fi,n=1,23,.... 1.7)
J=1
The normalized structure factor Gy for the ‘squared’
structure is defined by

N
Gu=|Gylexp (ipy) =03"> ¥ f2exp 2niH. r).
j=1
(1.8)

2. The probabilistic background

A crystal structure in P1, consisting of N, not
necessarily identical, atoms per unit cell is supposed
to be fixed. The three reciprocal-lattice vectors h, k,
1satisfying (1.1) are also specified so that the structure
invariant

T=dptiutiy (2.1)
is also fixed. The primitive random variable is the
reciprocal-lattice vector H, which is assumed to be
uniformly distributed over a certain well-defined sub-
set of reciprocal space (more precisely specified later).
Then the magnitude of the normalized structure factor
Ey, as a function of the primitive random variable
H, is itself a random variable. The conditional proba-
bility distribution of | Ey|, (I1.4),* assuming as known
the six magnitudes |E|, (1.5), in the second neighbor-
hood of the invariant (1.2), and its implications, in
particular the system of linear equations (3.21)-

* Appendices I-11I have been deposited with the British Library
Lending Division as Supplementary Publication No. SUP 42170
(10pp.). Copies may be obtained through The Executive Secretary,
International Union of Crystallography, 5 Abbey Square, Chester
CH1 2HU, England.
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(3.30), are the major goals of this paper. The distribu-
tion turns out to depend on the parameter cos T
[where T, (2.1), is the three-phase invariant for the
‘squared’ structure], among others, so that the condi-
tional expectation value of |Eaf>—1, given the six
magnitudes (1.5), (I1L.3),* also depends on cos T. By
suitable choice of the six magnitudes (1.5), equivalent
to choosing different sets of reciprocal-lattice vectors
H, one is thus led to a system of linear equations,
one of whose unknowns is cos T. In this way cos T
is expressed in terms of known magnitudes |E|, and
all, or many, reciprocal-lattice vectors H enter into
the estimate.

In order to obtain the required conditional proba-
bility distribution of | Ey], it is necessary first to derive
the joint probability distribution of the seven structure
factors Ey, Ewen, Ex:n, Eixnm and the method for
doing this is briefly sketched in Appendix Lt

Owing to limitations of space, no details of the
derivations are given here; only the barest outline of
the method is presented in Appendices I-II1.} The
final result is briefly described in § 3, (3.21)-(3.30).

3. The estimation of
|GuGw G| cos (W + Y+ ¥n) and | G* - 1

Fix the reciprocal-lattice vectors h, k, 1, subject to

h+k+1=0. (3.1)

The reciprocal-lattice vector H ranges over subsets
of reciprocal space to be defined. The six non-negative
numbers R,, R,, Rs, Ri, R, R; are specified. Make
the definitions

R,= IEh+HL R,=|Eysul, Rs= |Evendl,  (3:2)
Ri=|Eu_ul, Rs=|Ex-ul, Rs=|E-ul, (3.3)
C=|Egf-1, 3.4)

B,=R>+R3-2,B,=R3+R5-2,
1 1 1 2 2 2 (3.5)

B;=Rj}+R3-2,
D=(R?>-1)(R%+R2-2)+(R3-1)(R3+R}-2)

+(R;—1)(R}+R3-2), (3.6)
D, =(REZ-1)(R3-1)+(R3-1)(R§-1), (3.7)
Dy;=(R2-1)(R3—-1)+(R3-1)(R3-1), (3.8)
D, = (R3-1)(R}-1)+(R}-1)(Ri-1), (39)
D,=(R?-1)(R}-1), (3.10)
D,=(R3-1)(R3-1), (3.11)
D3=(R§—1)(R%—1). (3.12)

* See deposition footnote.
t See deposition footnote.
1 See deposition footnote.
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The unknowns are defined by
X1 = 0'40';2(|Gh|2- D, x,= 0'40';2(|Gk|2_ 1),
x3=0'4‘7;2(|Gl|2_1)§ (3.13)

£=203203%GyG G| cos (Ynt+ Y+ ), (3.14)

2= 20'3/20';3| GthGh—kl cos (Yu— Y — Yui)»

(3.15)
n= 203/20'2_3|GkG|Gk—l| cos (Y — =), (3.16)
&, =20Y203%G1GyG-u| cos (¢1— Y —th-n), (3.17)
& =20203%GiG,y| cos Qn—¥om), (3.18)
&=207703%|GiGaul cos 2 —¥),  (3.19)
& =203203°|G} G| cos 2¢h— ¥a). (3.20)
Then (II1.3) leads to ten linear equations: '
x,B2+x,B,B, +x;B5B, + (DB, + £,,D1, B,
+£:3D5Bi+ £n D5 B+ £ D1 B,
+&D,B, + ¢,D;B, = CB,, (3.21)
x,B1B,+ x,B2+ x;B,B,+ éDB, + £,,D1, B,
+£,,D53B,+ £, D5, B, + £,D: B,
+&,D,B,+ £D5B,=CB,, (3.22)
x,B, B+ x,B,B3+ x,B3+ {DB; + £, D1, B;
+ £, D53 By+ £3.D5, By + £, D1 Bs
+&D,B;+ & D5B; = CB;, (3.23)
x,B;D+x,B,D+x,B,D + éD*+ £, D1, D
+£,DpD+ &, Dy D+ ¢,D,D
+&D,D+¢D,D=CD, (3.24)

x,B1Dy2+ %,B, D15+ x3 B3 Dy + ¢DD,,
+ §12D%2+ £23D53 D1y + &34 D5, D2

+ & D Dyt &D, D3+ ¢3D3 Dy, = CDys,
(3.25)

X1B1Dy3+ x,B;Dy3+ x3B3Dp3+ (DD
+ £1,D1,Do3+ §23D§3 +&1D5,Dp3
+ §1D1D23+ & D, Dozt §3D3D23 = CD;;,
(3.26)

Xy B, D31+ %,B, D3+ x3B3 D3y + §DDs,
t 12D, D51+ £23D53 D5 + §31D§1
+¢,D, D5+ &Dy Dy + &Ds Dy = CDs,,
3.27)
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x,ByD+ x,B, D+ x3B:D,+ (DD,
+¢,,D,D+ &3D,3D + &5,D5, D,
+ §1_D_%+ &D, D+ &DsDy = CD,,

xB,D,+x,B,D,+x3,B;D,+ ¢DD,
+&1,D1:D,t £23D,3D,+ §3,D;5, D,
+ flm'*'fzsg‘*'fsm:C—Dz,

xXB,D;+x,B,D5+ x3B; D5+ éDD,
+ 512D12D3+ §23D23D3+ §31D31D3
+£D,D;+&D,D; +¢,D3=CD,

(3.28)

(3.29)

(3.30)

in the ten unknowns x,, x,, X3, & 12, &23, &1, &1, §2»
&. In view of (I1.4) and (I11.3) the averages in (3.21)
are taken over those reciprocal-lattice vectors H for
which B3 is large and D? is small, in (3.22) those for
which B3 is large and D5 is small, in (3.23) those for
which Bj is large and D3 is small, in (3.24) those for
which D? is large, in (3.25) those for which D}, is
large, in (3.26) those for which D3, is large, in (3.27)
those for which D3, is large, in (3.28) those for which
D3 is large, in (3.29) those for which D3 is large, and
in (3.30) those for which Dj is large. The subsets of
reciprocal space so chosen are selected on the basis
that they do not overlap and, simultaneously, yield
the most reliable estimate of the unknown associated
with the element on the main diagonal of the 10 X10
matrix of the system (3.21)-(3.30). Thus in (3.21) H
may be restricted to the n reciprocal-lattice vectors
corresponding to the largest values of B} for which
D3} is simultaneously less than some small positive
number f, say t =05 etc. One may choose different
values for n, e.g. n =10 or 20. Again H may be further
restricted in such a way that all needed R’s lie in the
observed sphere of reflections; alternatively, missing
R’s, i.e. those lying outside the observed sphere of
reflections, may be replaced by unity, provided they
are not too numerous. The system of ten linear
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equations (3.21)-(3.30) is then solved for the ten

unknowns X, X, X3, &, €12, €23, &31, &1, &2, &, in this

way obtaining estimates for the magnitudes |G| and

the three-phase cosine invariants cos (¢, + ty + ¢,).
In the case that all atoms are identical,

G =|Glexp (i) = E =|E|exp (ip) (3.31)

and the unknowns x,, x, and x; are presumably
known. In this case the system (3.21)-(3.30) may then
be solved by least squares for the remaining seven
unknowns.

4. Concluding remarks

Employing the quintet extensions of the three-phase
structure invariant one is led to the magnitudes |E|
that constitute the second neighborhoods of the
invariant and on which its value most sensitively
depends. An appropriate conditional probability dis-
tribution then yields a system of ten linear equations,
the solution of which gives an estimate of the invariant
for the ‘squared’ structure. Applications are described
in the following paper (Gilmore & Hauptman, 1985).
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